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This paper is a brief sketch of a part of recent results [3-61 on Ehrhart 
polynomials (cf. [l]) of convex polytopes. Throughout this paper, we write #(X) 
for the cardinality of a finite set X. 
Let 9 c RN be an integral convex polytope, i.e. a convex polytope any of 
whose vertices has integer coordinates, of dimension d and dB the boundary of 
9. Given a positive integer n, write i(9, n) for the number of rational points 
( %, a27 * . . 9 c.Y~) in 9 such that each n&i is an integer. In other words, 
i(9, n) = #(nP fl Z”), where nP:= {np; cu E 9’). It is known that i(9, n) is a 
polynomial in n of degree d, called the Ehrhart polynomial of 8. Define the 
sequence h,*, h:, hz, . . . of integers by the formula 
(1 - A)dcl[ 1 + i i(9, n)l”] = 2 hfA’. 
n=l i=O 
Thus in particular h,* = 1 and h: = #(B fl Z”) - (d + 1). Then, hi* = 0 if i > d and 
hz = #((9 - 6’9) f~ Z”). Moreover, each hi* is nonnegative [9]. We say that the 
vector h*(P):=(hl, hf, . . . , h,*) is the h*-vector of 9. When d = N, 
(Cf=‘=, hr)/d! ( = the leading coefficient of i(9, n)) is equal to the volume of 8. 
For these and other facts concerning i(9, n), consult [ll, pp. 235-2471. 
Now, what can be said about the h*-vector of an arbitrary integral convex 
polytope? 
Theorem A. Let 9 c R! N be an integral convex polytope of dimension d with the 
h*-vector h*(P) = (h,*, hr, . . . , hz). Then we have the linear inequality 
h$+h:-l+..* +h~_i~h,*+hr+...+hi*+h,*,, 
for any 0 c i 6 [(d - 1)/2]. 
*This research was performed while the author was staying at Massachusetts Institute of 
Technology during the 1988-89 academic year. 
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The proof of Theorem A (cf. [6, Sect. 31) is heavily based on commutative 
algebra, especially the theory of canonical modules [8] of Cohen-Macaulay rings 
generated by monomials [7]. 
We now turn to the problem when the h*-vector h*(8) = (h,*, h:, . . . , hz) of 
an integral convex polytope 9 c RN of dimension d is symmetric, i.e. hf = hz_i 
for any 0 =z i s d, which is an analogue of the Dehn-Sommerville equations of the 
h-vector of a simplicial convex polytope. Since h,* = 1 and hi = #((9 - 39) rl 
iZN), we study integral convex polytopes 9 c RN such that the origin of RN is 
contained in the interior 9 - a!P of 9. Moreover, without loss of generality, we 
assume d = N (cf. [ll, pp. 238-2391). 
Theorem B. Suppose that 9 c lRd is an integral convex polytope of dimension d 
such that the origin of Rd is contained in the interior 9 - 39 of 9’. Then the 
h*-vector of 9 is symmetric if and only if the following condition (i), which is 
equivalent to (ii) by [2, Chap. 3, Sect. 41, is satisjied: 
(i) The polar set [2, p. 471 
( 
(x1, * . - 7 xd) e [Wd; 5 xjyj s 1 for any (yI, . . *,yd)Ey 
i=l > 
of 9 is an integral convex polytope. 
(ii) Zf x = {(xl, . . . , xd) E Rd; cf=‘=, UiXi = b}, where each ai, b E Z, b >O, and 
the greatest common divisor of al, . . . , ad, b is equal to 1, is any supporting 
hyperplane of 9 such that XII 9 is a facet (maximal face) of 9, then b = 1. 
We should remark that the h*-vector of an integral convex polytope 9 c RN of 
dimension d is symmetric if and only if the Ehrhart polynomial i(9, n) of 9 
satisfies the identity i(9, -n - 1) = (-l)di(P, n). An elementary geometric proof 
of Theorem B is obtained in [3]. We refer the reader to [4] for further 
information related with Theorem B. 
On the other hand, in [9, p. 3401, Stanley proposed the interesting question 
that for which class of integral convex polytopes 9, i(CP’, n) can be explicitly 
computed. 
Suppose that X = {a,, . . . , ad, bl, . . . , bd} iS a finite partially ordered Set 
(poset for short) of even cardinality 2d such that (i) the subset {a,, . . . , ad} is a 
poset ideal (or order ideal [ll, p. 100)) of X, (ii) the bijection 5 from X to the 
dual poset Xdua’ [ll, p. 1011 of X defined by c(ai) = bi and I = ai, 1 s i s d, is 
a poset isomorphism, and (iii) if a poset ideal Z of X contains both ai and bi for 
some 1~ i s d, then #(Z) > d. Then we write LA for the poset which consists of 
all poset ideals I, including the empty set 0, with #(Z) < d, ordered by inclusion, 
and set L:=L^-{@}, ,!&):={ZEL1;#(Z)=d}, A:=L^-{Z~.Z;Z,JEL&) 
with Z #.Z}. Also, for each element Z of A, we define e, = (eI, . . . , ed) l !?id by 
setting ei = 1 if ai E I, ei = -1 if bi E I, and ei = 0 if ai, bi $ I. On the other hand, 
let $Px be the convex hull of the finite set V = {et; Z E A} c Rd. Thus 9X is an 
integral convex polytope of dimension d with the vertex set V. 
Ehrhart polynomials of convex polytopes 121 
Theorem C. Work in the same situation as above. Then the h*-vector h *(Px) = 
(h,*, hT, . . . , h,*) of Px is the h-vector of the poset L, that is to say, if f;: is the 
number of chains (totally ordered sets) C contained in L with #(C) = i + 1, 
0 c i < d, and f-l = 1, then 
&_& - l)d-i = g0 hTxd-‘. 
Thus the volume of Px is equal to fd_l/d! 
The technique of algebras with straightening laws plays an essential role in the 
proof of Theorem C, see [5]. Note that given an arbitrary finite poset X, the 
convex polytope LPxeXdual of the ordinal sum X G3 Xdua’ [ 11, p. 1001 coincides with 
the posetpolytope [ll, Example (4.6.3)] of X, see also [lo]. 
Note added in proof. (1) Work in the same notation as in Theorem A and 
suppose that hi* # 0, h,*,, = - . * = hs = 0. Then Stanley [12] proved the linear 
inequality h,* + h: + * - . + hi* s h,? + h;C_, + - - * + h,?, for every 0 < i G [j/2]. 
(2) It would, of course, be of great interest to find a combinatorial charac- 
terization of the symmetric h*-vectors arising from integral convex polytopes of 
dimension d. Note that Hensley [13] guarantees that there exist only a finite 
number of such vectors for a fixed d. 
(3) After the meeting on Combinatorial Convexity and Algebraic Geometry 
(Oberwolfach, August 13-19, 1989), we employ a notation 6(P) = 
(&J, 61, . . . 9 6,), called the &vector of 9, instead of h*(P). 
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